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This study consisted of two basic factors: (1) a
theoretical investigation of the dynamic response of a 
laminar flow heat exchanger subjected to disturbances of 
flow rate, inlet temperature, wall temperature, and wall 
heat-flux, and (2) an experiments1 investigation of the 
dynamic response of a laminar-flow heat exchanger subjected 
to step upsets in flow rate with uniform wall heat flux. 
Theoretical and experimental dynamic response data were 
compared.
Partial differential equation-models which took into 
account axial convection and radial conduction of energy 
were solved for various combinations of-disturbances of flow 
rate, inlet temperature, wall temperature, and wall heat- 
flux. Step and sinusoidal disturbances were'considered for 
these variables as a function of time and as a function of 
axial distance for wall temperature .and wall heat-flux,
The dynamic temperature response of heat exchanger fluid
1. x. 1
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subjected to step upsets In fluid flow rate with uniform 
wall heat-flux was selected for the experimental investiga­
tion* A 5-ft heat exchanger was constructed with a 1/2-in. 
copper tube whose outside wall was heated by wound electrical 
resistance wire. A mixture of glycerine and water (59%, 43%, 
and 0% glycerine by volume) was passed through the heat 
exchanger tube* Dynamic fluid -temperature response was 
observed at different radial positions for step increases 
and decreases in fluid-flow rate. Fluid-flow rates varied 
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INTRODUCTION AND LITERATURE SURVEY
In recent years, the dynamic behavior of heat exchangers 
has increased in importance with the advent of faster and 
more sensitive closed loop control of heat exchanger systems. 
Publications which pertain to unsteady-state heat transfer 
in a tube, duct, or channel have been increased greatly. A 
considerable amount of work has been done on turbulent-flow 
unsteady-state heat transfer in a tube. Many investigators 
have studied this problem of heat exchanger dynamics in which 
the radial conduction is negligible because of perfect radial 
mix5~ng of fluid under turbulent flow conditions.
It is clear from theoretical considerations that the 
dynamic behavior of a heat exchanger for laminar flow and 
turbulent flow cannot be explained in the same way if radial 
temperature variation is considered since the heat transfer . 
mechanisms are different. In turbulent flow the temperature 
profile in a tube is almost flat in the turbulent core, but
1
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the temperature profile in the laminar sublayer, where radial 
conduction plays a significant role, is very steep, In 
laminar flow, since the temperature profile in a tube is 
very much dependent on the radial position across the tube, 
radial conduction cannot be neglected.
Because of the difficulty of solving the appropriate 
differential equations when the contribution of radial con­
duction is significant, very little previous work that 
accounts for radial conduction has been reported for heat 
exchanger dynamics. As precise control of systems is 
required in modern technology applications, accurate mathe­
matical descriptions of these systems and the solutions of 
the corresponding mathematical models with fewer assumptions 
are needed.
Sparrow^ ̂ , Siege1^  ̂ , and Per Imutter either inde­
pendently or with coworkers, have investigated various 
problems of unsteady-state heat transfer in both laminar- 
and turbulent-flow regimes where radial conduction was taken 
into account,
Siegel(^) solved the problem of unsteady-state iaminar- 
flow heat transfer in ducts using the approximation that the 
isothermal Hagen-Poiseuille velocity profile was valid for 
non-isothermal conditions. Approximation solutions were 
given which were obtained from the integrated energy
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equation rather than from the differential energy equation. 
Solutions were obtained for the limiting cases of small and 
large time. These limiting solutions were in turn used to 
construct an approximate result applicable for all values of 
time, No experimental verification of this model was given.
By using a multiple transform method, Chu and Bankoff^^ 
solved three cases of unsteady-state heat transfer for plug- 
flow conditions, while taking axial conduction into account 
for wall-temperature upsets to a semi-infinite tube, semi­
infinite parallel plates, and infinite parallel plates. In 
ail three cases only tube-fluid temperature was dependent on 
spatial and time variables, and the fluid velocity remained 
constant. Plots were presented for axial distance versus 
mean temperature of a semi-infinite plate, mean temperature 
difference, and mean Nusselt number difference between cases 
of infinite and semi-infinite parallel plates. Comparisons 
were made with and without axial conduction for various 
Peclet numbers and times, No attempt was made to obtain 
temperature profiles with velocity changes,
(3 \Siegel and Perlmutterv ' solved the problem of unsteady- 
state laminar-flow heat transfer in a rectangular channel 
with wall flux as a function of time and axial position.
Only limited cases were presented for wa11-flux changes by 
assuming that the channel and fluid were isothermal in steady
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state. The solutions were first obtained in Lagrangian 
coordinates and then transformed back to Eulerian coordin­
ates. One form of heat flux change utilized was 
-Ax* -Ft*q/q =(1-e )(1-e )# where A and B are constants,
Zeiberg and Mueller^^ investigated transient, free, 
and forced laminar convection in a duct. Solutions of 
momentum ana energy equation were obtained by Green1s func­
tion technique with the uncoupling of two equations. Several 
extreme cases of free and forced laminar convection were 
presented.
The two prime purposes of this investigation of laminar 
flow heat exchanger dynamics are (l) the development of a 
mathematical model for predicting the dynamic response of a 
tubular heat exchanger, subjected to various forcing functions 
and (.2) an experimental investigation of tubular heat ex­
changer dynamics for step upsets in flow rate. Experimental 
results and the corresponding mathematical model are compared. 
Theoretical solutions are obtained for various forcing func­
tions by applying Hankei transform techniques and the 
characteristic method to the unsteady-state partial differ­
ential equation which accounts for axial bulk flow and 
radial conduction of heat with average fluid velocity. Step 
and sinusoidal forcing functions, which are useful in 
theoretical and experimental aspects of process control, are
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considered.
The experimental system selected for this study is a 
circular tube with a thin wall of negligible capacitance.
A steady state temperature profile which is a function of 
radial and axial position exists within the tube fluid 
before the onset of forcing functions. At the entrance of 
the tube the temperature distribution within the fluid is 
uniformly constant. At time zero, a known forcing function 
is applied and the fluid temperature response is observed at 
the exchanger outlet at various radial positions.
In an isothermal system the steady-state laminar-flow
velocity profile in a tube obeys the Hagen-Poiseuille
equation. In a non-isothermal system, such as the one
studied here, because physical properties of the system vary
with temperature, the velocity profile would not necessarily
agree with the Hagen-Poiseuille equation. In general, it
is uncertain in non-isothermal laminar-flow heat-transfer
systems how the velocity of the fluid varies exactly with
respect to the spatial dimensions. It is shown in Fig. 1 
(7)by McAdamsv ' how variation of viscosity with respect to 
temperature affects the velocity distribution in a tube. If 
the variation of density, which causes natural convection, 
is taken into account in addition to the variation of vis­
cosity, the distorted velocity profile of heated liquid
W a l l  W a l l
Fi g . I .  D i s t r i b u t i o n  of v e l o c i t y  
p r o f i l e  due to v a r i a b l e
v i scosi ty
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would be somewhat more rodlike and the temperature profile 
would be very flat in the central region of the tube.
In practice* it is very common to use mean values of 
physical properties and fluid velocity. It has been found 
by Kirkbride and M c C a b e t h a t  when variations of physical 
properties due to non-isothermal conditions cannot be 
accounted for theoretically, especially for the heating of 
liquid in a tube, the solution for the flat velocity profile 
in the laminar flow agrees better with experimental data 
than with the solution for the parabolic Hagen-Poiseuille 
velocity profile. This discrepancy has been explained by 
Kirkbride and McCabe on the basis of change in the physical 
properties.
An exact solution of this heat exchanger problem which 
takes into account all the variations of physical properties 
and the velocity profile in accordance with the appropriate 
physical laws is beyond the reach of present mathematical 
techniques due to the complexity of resulting equations to 
be solved. Simplifications are necessary to obtaijn a solu­
tion for this problem. On the basis of the previous work 
cited in this thesis, it is felt that the assumptions 
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Kany chemical processes are controlled automatically 
today. . Temperature, pressure, and concentration can be con­
trolled closely by very modem control systems. Of the many 
ways of controlling a process, one of the popular means is 
regulating a flow rate. Variation of flow rate in a chemical 
process often is inherent or desirable from a control point 
of view. Many specific applications may be cited. Varia­
tion of the coolant flow rate often is used to control the 
reaction temperature in a reactor. Variation of flow rates 
of feed and recycle streams of a distillation column changes 
the concentration of the top and bottom products. Changing 
fluid flow rate through a heat exchanger can be used to 
control the outlet fluid temperature. Since process-flow- 
rate dynamics plays a major part in chemical systems control, 
this experimental investigation was focused on flow rate 
upsets to a laminar-flow heat exchanger with uniform wall-flux.
8
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A schematic diagram of experimental equipment for measur­
ing the transient temperature profile for flow-rate upsets 
within a vertical tube is shown in Fig. 2. A glycerine- 
water mixture and pure water were used for the fluid media. 
These fluids were pumped from the feed tank to the constant 
head tank which was mounted in an elevated position eleven 
feet above the outlet of the heat exchanger. Glycerine- 
water mixture or water was then introduced to the inlet of 
the calming section of the heat exchanger by the gravita­
tional force and passed through the exchanger, where it was 
heated by wound electrical resistance wire. After leaving 
the heat exchanger, the liquid was cooled in a secondary 
counter current heat exchanger and then passed on to the 
reservoir tank.
The transient radial temperature response of the liquid 
was measured five feet above the inlet of the test section 
of the heat exchanger with a l/16-in. QD iron-constantin 
thermocouple introduced from the wall of the heat exchanger. 
S5-gnais from the thermocouple were recorded on a single­
channel strip-chart recorder.
The experimental investigation will be discussed under 
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Apparatus
The apparatus consisted of a pump, constant liquid 
head tank, feed line, test heat exchanger, temperature 
measuring device, flow control valve, rotameter, cooling 
counter current exchanger, and two feed tanks.
Liquid Circulating System: Three liquids were used in this
study: (1) pure water; (2) 59% glycerine, 41% water; and
(3) 43% glycerine, 57% water by volume. The present experi­
mental work was directed toward a correlation of experimental 
and theoretical' transient temperature profiles for laminar- 
flow flow-rate upsets. Therefore, it was deemed advisable 
to choose fluid flow rates with as wide a range of Reynolds 
number as possible up to transition region. Many liquids 
would give the desired physical properties. However, the 
giycerine-water system was chosen because glycerine maxes 
well with water, and the physical properties of giycerine- 
water mixtures do not change drastically with respect to 
temperature. Also, a wide range of fluid viscosity can be 
obtained by varying giycerine-water ratio. Pure water, 
which has lower viscosity than the giycerine-water mixture, 
was chosen to 'run experiments at high Reynolds number.
The glycerine used in this study was chemically pure to 
specifications of U, S. pharmacopoeia.
For the elimination of flow disturbances introduced by
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direct pumping of fluid, a constant head tank was built and 
gravitational force was used to force liquid through the 
system.
Liquid was pumped from a ten-gallon stainless-steel tank 
to the constant head tank by a l/3-h.p centrifugal pump. The 
constant head tank was constructed of a standard 2000-ml 
pyrex-glass flask mounted in an elevated position eleven 
feet above the heat exchanger outlet. It had two overflow 
outlets in its side and the bottom was connected to the feed 
line by a 3/8-in. hole. Overflow from the constant head tank 
was returned to the feed tank, which step helped the mixing 
of liquid in the tank. Liquid was introduced to the inlet 
of the calming section of the heat exchanger by gravitational 
force and passed through the test and cooling heat exchangers. 
After leaving the exchangers, the liquid was stored in 
another ten-gallon stainless-steel tank for later experi­
mental runs. Since it was necessary to know the rate of flow 
through the heat exchanger very accurately, a rotameter 
(Fischer-Porter FP-1/2-27-G-10/83) for measuring liquid-flow 
rate was instailed between the ball valve and the cooling 
heat exchanger. Flow of liquid through the heat exchanger 
was regulated manually by a 1/4-in. Jenkins ball valve. With 
this type of valve it was possible to produce a rapid change 
in flow without any lag. Because the fluid was incompressible.
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location of the valve did not affect the flow-rate control.
For the control of the opening of the valve, a bar with 
stops on it was installed parallel to the direction of flow, 
so that the valve handle moved across the bar. With this 
arrangement, it was possible to set the stops on the bar so 
that when the handle of the valve was quickly moved between 
them, a step change of known flow rate was obtained. Flow 
rates were calibrated for these stops before each run and, 
of course, the high and low rates of flow were observed on 
the rotameter.
Keat Exchanger: The test heat exchanger was made with a
1/2-in. nominal diameter, type-L copper tube, 8~feet in 
length and mounted vertically* It had an inside diameter of 
0.585*»in. and wall thickness of 0.05-in. An entrance length 
of 2 ft for a calming section was extended from the inlet of 
the test section to eliminate turbulence and establish a 
fully developed laminar-flow velocity profile. The entrance 
length used for laminar flow is given by Bird, Stewart, and 
Lightfoot^^ as
Le=0.035 x D x NRe
where is the Reynolds number of the fluid and D is the
diameter of the tube. For the present experimental study,
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Le was about 1.7 ft for a Reynolds number of 2000 (the upper 
limit of laminar flow). At the exchanger exit, the last 
1 ft of the heat exchanger tube served as the exit velocity- 
calming section in order not to disturb the flow at the 
point of the temperature measurement, which was the end of 
the 5 ft heat exchanger length.
Copper tube was chosen for the heat exchanger, because 
of its high thermal conductivity and its availability with 
very thin walls. These walls make thermal capacitance of 
the wall essentially negligable.
Uniform heat flux was obtained by heating the liquid 
with uniform dissipation of electrical energy supplied by 
the wound electrical resistance wire (B&S 20 Nichrome wire), 
which was wound every 0.15 in. of the axial distance of the 
heat exchanger. A thin layer of asbestos paper estimated to 
be 0,029 in. thick was used as the electrical insulator 
between the wall of the heat exchanger and the heating 
element. This layer of asbestos paper gave adequate elec­
trical insulation with satisfactory thermal conductivity.
On top of the electrical heating element a 0.06-in. layer 
of asbestos paper and 1%-in. of 85% magnesia thermal insula­
tion were installed.
A calibrated clamp-on ammeter and volt meter were 
attached to a power stat to control and measure the power
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■input to the heating element. The power input to the heat­
ing element was regulated by two 2-KVA power stats connected 
in parallel.
Temperature Measuring System: Transient radial temperature
profiles of liquids at 5 ft above the inlet of the test 
section were measured with a 1/16-in. OD jacketed iron- 
constantin thermocouple. The response time constant of the 
thermocouple was two-tenths of a sec for step changes in 
liquid temperature. In the installation of the thermocouple 
a 1/8-in. adjustable bushing was welded to the wall of the 
heat exchanger and a l/16-in. diameter hole was drilled 
through the center of the bushing and the wa11 of the heat 
exchanger. Through this hole the thermocouple was inserted. 
The adjustable bushing with a nylon internal sleeve made it 
possible to vary the immersion - length of the thermocouple, 
which in turn made it possible to take various radial read­
ings of temperatures.
Radial distances in the heat exchanger tube where 
temperatures were read were measured by a micrometer mounted 
parallel to the path of the thermocouple. The micrometer 
used in the study was graduated from zero to one inch in 
0.001-in. increments.' A holder was made from a rubber 
tubing clamp with thumb screw attached to the thermocouple 
lead. The distance the holder moved was measured by a
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micrometer. The reading of the radial distance was repro­
duced within 0 ,0 1 -in.
Fluid temperature was monitored at different radial 
positions with a strip-chart recorder to obtain the desired 
dynamic response data, millivolt signals from the thermo­
couple were recorded on a hozley model 680 single-channel 
recorder with 1 millivolt full-scale sensitivity. The 
thermocouple and recorder were calibrated by using a con­
stant temperature bath. Temperature readings were repro­
ducible during the calibration , and it was determined that 
the temperature measuring system was satisfactory for the 
present study.
Bulb thermometers with mercury-in-glass were placed at 
the inlet of the heat exchanger, at the outlet of the cool­
ing exchanger, and in the feed tank to ■measure any existing 
temperature difference between the feed tank and the inlet 
of the heat exchanger,
Frocedure
To start an experimental run, the switch for the pump 
was turned on, and the glycerine-water mixture was pumped 
from the feed tank to the constant head tank. Liquid was 
passed through the system by gravitational force. The flow 
rate at this moment was regulated by the gate valve
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positioned between the feed tank and constant head tank.
An overflow was always maintained in the constant head tank. 
The ball valve at this time was fully open. The power input 
to the heating element was applied and regulated to give the 
appropriate heat flux.
Next, the thermocouple terminal was connected to the 
recorder. The thermocouple and recorder were calibrated 
before experimental runs. The ball valve openings were 
adjusted to set two stops on the bar for high and low rates 
of flow. A quick move of the valve handle between these two 
positioned stops produced the desired step change in liquid 
flow rate. Liquid flow rates were read with a rotameter at 
high and low flow rates. The gate valve was then adjusted, 
if necessary, to maintain overflow from the constant head 
tank.
The system was then allowed to come to a steady state 
at the low flow rate. Steady state temperatures at various 
radial positions were checked. Positions to measure tran­
sient temperature were determined as follows: (l) the
radial position was found where the temperature was lowest; 
(2) With the aid of the recorder, the difference between the. 
millivolt signal from the wall of the heat exchanger and the 
point of lowest temperature was divided by three. These 
three millivolt signals were noted on the strip-chart of the
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recorder. Three radial positions on the other wall side were 
determined in.the same way. The order of measuring radial 
transient temperatures was from the wall to the center 
(position at lowest temperature) and then to the other wall. 
In general, transient temperatures at seven radial positions 
were observed. However, it was found that radial tempera­
tures measured near the wall from which the thermocouple 
protruded were in significant error due to thermal conduc­
tion along the thermocouple from the hot'wall. Calculations 
to determine measured temperature error due to thermal con­
duction indicated that the errors wTere much smaller from the 
center line to the opposite wall, so that most experimental 
data were taken in these locations.
When the temperature reading on the recorder showed 
that the temperature at a radial position had reached a 
constant value, the step increase in flow rate was made by 
quickly opening the valve. After the transient response 
was completed and a new steady state was achieved, the valve 
handle was moved quickly to its lower position to produce 
the step decrease in flow rate. The same step changes were 
repeated for each radial temperature measurement.
Transient-temperature response curves for step changes 
in flow rate were recorded for various upset magnitudes with 
three different wall heat fluxes.' Each run was repeated
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three times or more to assure that data were reproducible.
Care was exercised to prevent any air trap in the 
system, when a run was started by partially .draining the 
liquid from the bottom of the heat exchanger. Whenever the 
presence of the’rust was noted, the whole apparatus was 
cleaned carefully. Before every run, the inlet temperature 
was observed and recorded.
Results
Ten experimental tests were conducted over various 
magnitudes of step upsets in liquid flow rate at three dif­
ferent wall heat fluxes. Steady-state data for the maximum 
and minimum flow rates of the ten nuns are presented in 
Table 2# Transient temperature profiles at the heat exchanger 
exit were obtained for increases and decreases in liquid flow 
rate between these levels. Transient response data for 
increases and decreases in liquid flow rate are presented in 
Figs. 3 through 12 5 and in Table 6 .
The step upsets represented both small and large 
departures from the initial steady-state values. Flow 
increases and decreases of magnitudes that were from 39 to 
155 percent of the initial steady-state value were conducted 
for wall heat fluxes of 817, 1115, and 1900 Btu/hr.ft^. The 
range of 1\V, was from 70 to 3875.
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Fhysical properties of the liquids were taken from the 
International Critical T a b l e s w i t h  the exception of the 
densities of the liquids which were measured experimentally. 
They are presented in Table 5.
THEORETICAL INVESTIGATION
r--*TrjBitT*If^ r» i,pvtrytit«rrni” tTi-aTiiriiWiTTffrMifimrat—’ ""'■^i^i'a mnnTiiWT— a^wrmivwinnni
Several investigators have previously studied unsteady 
state laminar-flow heat transfer in a tube, duet, or channel, 
but most of them have been for either wall temperature or 
wall heat-flux change only. Less attention has been given 
to the problem of unsteady-state laminar-flow heat transfer 
with change of flow rate or combinations of change of flow 
rate, inlet temperature, wall temperature, and wall heat 
flux due to the complexity of the problem..
In the present work, theoretical solutions are obtained 
by applying Hankel transform techniques and the characteristic 
method to the uns teady-state partial differential equation 
which accounts for axial bulk flow and radial conduction of 
heat with average fluid velocity. A steady-state temperature 
profile which is a function of radial and axial position 
exists within the fluid before the onset of forcing functions 
to the flow rate,- inlet temperature, wall temperature, and 
wall heat-flux; At the entrance of the tube the temperature
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distribution is considered to be uniform across the tube and 
designated as Tp.
At time zero, known forcing functions are applied and 
fluid temperature response is predicted. Time variable 
forcing functions are considered first and then position 
variable forcing functions are considered.
Mathematical Analysis
A mathematical description of a tubular heat exchanger 
with axial convection and radial conduction is obtained by 
writing an energy balance over a differential fluid element.
k
II, + u al, = (r* ilj (1 )31- 3x- 3 r>f gr*
The assumptions made in deriving equation (1) are:
1. The fluid is incompressible
2. Axial heat conduction and viscous dissipation are 
negligible
3. The variation of fluid properties with temperature 
is negligible
4. Natural convection is negligible
Starting with equation (1), several mathematical models 
have been developed to relate fluid temperature to various
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upsets. Upsets of flow rate, inlet temperature, wall 
temperature, and wall heat-flux have been considered.
First, consider the dynamic response models for upsets 
of flow rate, inlet temperature, and wall temperature.
Equation (1) describes the system, and the boundary 
conditions to be satisfied are:
1 . t* = 0 , T = Ts
2. x* = 0, T = (2)
4. r* = R, T = Tw
Kow define new dimensionless variables as follows
6
In terms of these new variables equation (1) becomes
£§ + { 1  4* a (t)} = I X  (r IS)3t 3x r 3r 3r (3)
where
a(t) = u 5 (t)/us (4)
In terms of the new variables boundary conditions which must
•be satisfied are
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1 . oiijj e = ©s
.2 . fi o 0 = b(t) (4)
3. r = 0 , 4 § - °
4. r = 1 , 0 = c(t)
where, b(t) = Ti(t) / iws (5)
c(t) = V h / T ws (6 )
Define the Kanke1 transform 
1
e = ^ @ r 
0
Jo(anr)dr (7)
where a n is a root of
do
on (3)
where n is taken over all the possible zeroes of equation
Multiplying both sid.es of equation (3) by rJQ(anr) and 
integrating with respect to r from 0 to 1 ,
1 1
( rJ^c^rOdr + j  tt+a(t)}|§ rJ0 (anr)dr =
0 0
A
J "3? fr^ J° (anr d̂r
'0
T 1143 26
Integrating the right side of equation (9) by parts gives 
•hi + {i + a(t) } |P + an 2 6 = anJi(«n )G(t) (1 0 )
3 £ oX
Equations (4), (7), and (8 ) are used to obtain equation (10). 
Equation (10) may be solved by the method of characteristics 
as presented by Sneddon^^. According to this method, 
equation (1 0 ) is rewritten as two ordinary differential 
equations:
d t  = d x  « •  -  d 0  ___V- -L |_ wKnnw jut t ww ts't/.•t*m>.?mjt.'Wfcaaaairnirnwcc—  l i f t
Equating the first and second members of equation (11) and
solving
t
t +  ̂ a( x)d x - x = Gjl (1 2 )
0
Similarly, using the first and third members,
- h  in {an2§ - a nJi((%1)G(t) } + t = C2 (13)
a n
Here and G2 are arbitrary constants. The general solu­
tion to equation (1 0 ) is obtained by putting 0*2 = f(G|_), 
where f is an arbitrary function, Thus:
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i 2
*2 in{a n ^ anJq(an )C(t)} + t =
an (14)
f (t + ̂  a(x)dT - x}
0
when x = 0, equation (14) becomes
ln {b (t)anJ1 (an) - C(t)anJ1 (an)} + t =
“n
t (15)
f {t + ̂  a(x)dx}
0
This is a functional relationship for an unknown function f. 
Let t




t = y - j a (x)dx (17)
0
where g(y) is a function satisfying
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(y)




Substitute equations (16) and (17) into equation (15) and 
obtain
s(y)
f(y) = y - \ a (T)dT + ^ - 2  In ^anJi(an) b(t) - C(t)} (19)
/ “n
0
How that the function f is known, it may be used in equation 
(14). to obtain the solution for 0.
t
@ - {b(t) - G(t)} exp{ a { a(x)dt -a n^x}
+ i l i 2 si c (t)
°n
t
where G =  g {tn* ̂ a(x)dx - x}
(20)
The function G may be eliminated from the solution by 
utilizing equation (1 8 ). 
t
G = t + ̂  a(x)dx - x ’ (21)
G
Equation (20) is solved for step and sinusoidal forcing
functions to flow rate, inlet temperature, and wall tempera­
ture.
Case 1. Flow Pete Upsets with Uniform Wall Temperature
At t = 0, variations of fluid flow rate from the steady 
state are applied to the system and the temperature response 
of fluid is predicted.
Case la. Step Change in Flow Rate
Let a(t) = aU(t) (22)
where uan is the magnitude of the step change and U(t) is 




Substitute equation (22) into equation (20) and solve 
equation (20) for 9. For this case c(t) = 1 and b(t) = bs, 
where bs = T.;s/Tws. It is easier in this case to solve 
equation (2 0 ) after g(y) is obtained from equation (18).
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g(t + at - x) = t - (25)
The solution for 6 is:
{(bs - 1 ) e 1+a + L}
n (26)
for t >TT“* l*ra
Jl(“n> ,  ̂ -an2 (x-at)




By the well known theory of Fourier-Bessel series pre­
sented in Watson , if an is a root of equation (8 ) and 
if 9 can be represented in the range 0 <r< 1 by
0 (xtr,t) = £ Cn JQ(anr) (28)
n
then the coefficients Cn are given by
1





Therefore, inversion of the Ranke1. transformation gives,
Jr,(oL.r) _9(x,r,t) = £ 2 — 9“ —  Q (30)
n J 1
Substituting equations (26) and (27) into equation (30)
gives the analytical solution for 0 .
2
“ an x
6 = 2 £ J°.̂ anr  ̂. U b s-1 ) e 1+a + 1 } for t> -j™ (31)
n an
V  \
2 1 ® +l}for t< -j~ (32)n an"lv n;
Case lb. Sinusoidal Change in Flow Rate
a(t) = Acos wt (33)
where uAlf is amplitude and ,!w,f is the angular frequency in
radians. Substitute equation (33) into equation (18) and 
obtain g(y).
g(y) = y - ^ Sin (wg(y)} (34)
Unfortunately, the response to a sinusoidal disturbance 
cannot be calculated explicitly by this method except in the
secondary time domain, which is of secondary interest in the
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sinusoidal response. The basic difficulty is the solution 
of equation (34) for g(y), where equation (34) is implicit 
in g(y-) • Special cases, however, can be solved and are 
shown as fo1 lows:
Case lb-1. Sinusoidal Change in Flow Fiate for Small 
Frequencies
If frequency w is sufficiently small, then
s in {wg (y) } = wg (y) (35)
The solution for g(y) from equation (34) is
g(y) = .JL. (36)1+A
Therefore, the response to this disturbance is exactly the
same as the response to a step disturbance with a step
magnitude of A. This shows that the frequency response at 
low frequency can be approximated by the step response.
Case lb-2. Sinusoidal Change in Flow Rate for Large 
Frequencies
If w is sufficiently large, equation (34) becomes
g(y) = y (37)
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Equation (20) then becomes
6  =  --- {(bs-l) e an x + 1} (38)un
which is the response for a(t) = 0. Sinusoidal disturbance 
of very large frequency causes no response. The results of 
the above two cases come from the linearity of the system.
If general solutions for sinusoidal disturbance are 
desired numerical solutions can be obtained.
Case 2, Simultaneous Flow Rate and Inlet Temperature Upsets 
With Uniform Wall Temperature
At t “ 0? variations of fluid flow rate and inlet tempera­
ture from the steady state are applied and the fluid tempera­
ture response is predicted. Equation (20) is solved for step 
and sinusoidal foreing functions to flow rate and inlet 
temperature and then inversion of Kankel transform 
equation is made. As the method of obtaining solutions is 
similar to Case 1, only results are presented.
Case 2a. Step Change in Flow Rate and Step Change in 
Inlet Temperature





b(t) = BU(t) (39)
J (a r4,) 3L+a
2 Z ~ r ^ 7TX {(3-1) e + 1 } for t>~f~ (40)
n W V  I + a
. , s - a 2 (x-at)j_(a_r) ,, . n
2 1 S-- {(b - 1 ) e + 1 }
n TTlI n
for t<~~ (41)ITS
2b. Step Change in Flow Rate and Sinusoidal Change, 
in Inlet Temperature
a(t) = aU(t) (2 2 )
b(t) = Acos wt (42)
a ^x n( y in,Ti imi riiWfm» ̂-|r»ar-.r) r,. 1 \2 i i(Acos wt-1) e + i }
n an 1 '
for t>j™ (43)
n, - a (x-at)
2 z -JP \ {(b - l) e n + 1}
n ^ l ^ T  s
for t < ~ — (44)
1+a
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Case 2c, Sinusoidal Change in Flow Rate and Step Change 
in Inlet Temperature
a (t) = Acos wt (33)
b(t) = BU(t) (39)
Case 2c-1. (small frequencies)
a 2”“ n ^I fct r) 1+a2 Z t s L j f - L -  {(3-1) a +1}
"n “nJi(“iR' (45)
Afor t + sin wt - x> 0  w
j.(a r) - a„ (x-At)9 = 2 2  r {(bs - 1) e ' + 1}
n S
for t + ^ sin wt - ::< 0w
Case 2c~2, (large frequencies)
Afor t + — sin wt - x> u
W
(46)
9 = 2 £ J.9.[aK^).r {(3-1) e" “n + 1 }
n J. 1 ' an ' (47 )
1
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2 „ °n x
for t + ^ sin wt - x<0 (47a)
Case 2d. Sinusoidal Changes in Flow Rate and Inlet 
Temperature
a(t) = Acos wt (48)
b(t) = A !cos w ft (49)
Case *2d-l (small frequencies)
2«an x
e = 2 r £°ifinf2_ {(A’cos w't - 1) e TfT"* 1 } 
n an^l^an^
for t + — sin wt - x>0 (50)w
•an2 (x-At)
= 2 I ^2 4 -7 — 7  {(a!cos w ft - 1) e 4*1}
n «nJl(an^
Jc(anr) ..... ,N n
4.for t * — sin wt - x<0 (51)
Case 2d~2. (large frequencies)
2J (a r) ~an ^9 = 2 E (A1 cos w11 - 1) e







for t + ^ sin wt - x>0 (52)VV
2 x0 . J0 (anr) ~ n A2 l {(b - 1) e 4-1}
n anJl^an^
for t + — sin wt - x<0 (52a)w
3. Simultaneous Flow Hate and Wall Temperature Upsets 
with Uniform Inlet Temperature
3a, Step Change in Flow Rate and Step Change in Wall 
Temperature
&(t) - aU(t) (22)
c(t) - CU(t) (53)
2- an x
: 2 Z J°(Ta?r)A { (bs - G) e T - ™  + 1} for t > ™  (54)
n “a l ' U  L'a
2J fn r) ™ Ct
= 2 z -4 f - r  { (bs - G) e n + 1 }n anJl<-“n)
for t<r~— (55)l-&*a
3b. Step Change in Flow Rate and Sinusoidal Change 
in Wall Temperature
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a (t) " aU(t) (2 2 )
C(t) = Acos wt (56)
a 2x nJ 0 (oux*) , . “ l-fa ,: 2 Z ^ {(bs - A cos wt) e + l)
n anJ i
for t>— ~ (57)l*a
- ou^(x-at)J^(a r) {(bc - Acos wt) eCU J
for (58)
Case 3c. Sinusoidal Change in Flow Rate and Step Change in 
via 11 Tempera tur e
a(t) =s acos wt (48)
C(t) = CU(t) (53)
Case 3c«l. (small frequencies)
2OTCXn x
J Car) H A
e ’ 2E„ * l >
Afor t + — sin wt « x>0 (59)
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2
-  2 z J ° ( a " r )  f ( b  C l  e "  ( X ‘ A t )  +  n
■ n V l ^ ' { 8 }
for t + ~ sin wt - x < 0 (60)
Case 3c-2. (large frequencies)
6 = 2 s J,?,(^ g) ,{(bs - C) e‘ %  + 1} (61)
Case 3d, Sinusoidal Change in Flow Rate and Sinusoidal 
Change in Wall Temperature
a (t) -- Acos wt (48)
c(t) ~ Ceos w 1t (56)
Case 3d»l, (small frequencies)
J («.r) "0 = 2 Z {(bs ~ Ceos w*t) e 1+a 4-1}
°bJ 1 ̂n
for t 4* ^ sin wt - x>0 (62)
Jo^“nr  ̂ " °tn2(x"At)£ {(bs - Ceos w ft) e 4* 1 }
n anJl^On;
for t 4- ~  sin wt - x<0 (63)
T 1143 40
Case 3d-2. (large frequencies)
2J,, (or r )  - a n  x0 = 2 Z — «*» {(bs - Ceos w 11 ) e } (64)
n °nJl''CLn'
Case 4, Simultaneous Wall Temperature and Inlet Temperature 
Upsets with Constant Flow Rate
In this case the solution becomes much simpler because 
a(t) =0. Equation (3) becomes for this case
i f i  + |S  = I  i _  ( r  M )  (65)at ax r ar ar
Following through from equation (7) to equation (19) with 
a(t) = 0 , one obtains the functional relationship for equation 
(19)
f(y) = y + -i_ Ln {oflJ1 (an) d(t) - C(t) > (6 6 )
“n
Substitute equation (6 6 ) into equation (14) with a (t) = 0, 
and obtain
2
e = {{b (t) - C(t) } e" “n X + C(t) } (67)
“n















to wall temperature and inlet temperature.




T  fa ) - a{(b-C) e n + c )  (63)
Step Change In Wall Temperature and Sinusoidal 
Change in Inlet Temperature
= CU(t)
- Bcos wt
Jo(«nr) r/ * X{(Dcos wt - C) e C }
an° 1  ̂ an
(69)
Sinusoidal Change in Wall Temperature and Step 




2^J' ^ ^  O t ^  ^
© = 2 i —S— B.— »- { ( 5 * Acos wt) e + Acos wt} (70)■n &r-. 1 >• Cty-i *n “nulvan*
Case 4d, Sinusoidal Changes in wall Temperature and Inlet 
Temperature
c(t) = Acos wt
b(t) = Dcos w't
T ^̂  r) — ot x
6 = 2 I v {(Dcos w ft - Acos wt) e *Acos wt} (71)
n anJl^n7
Response to single upsets in wall temperature or inlet 
temperature can easily be obtained from the above equations 
by setting either b(t) = hs or c(t) = 1 .
Simultaneous upsets of flow rate, inlet temperature, 
and wall temperature also can be obtained from equation (2 0 ) 
by substituting suitable expression of a(t), b(t), and c(t).
The presentation of these three simultaneous upsets will not 
be presented here.
Case 5, Simultaneous Flow Rate and Wall Heat Flux Upsets 
with Uniform Wall Heat Flux
Equation (1) describes the system, and boundary con­
ditions to be satisfied are:
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1. t* = 6, T = T,
2. x* =0, T = Ti
3 - r ~ = °> 0
4. r* = R, q = k9 3r*
Define a new dimensionless variable for temperature,
e = Illi
qs R s s
(72)
(73)
9 i s  defined differently here than for Case 1 while other 
dimensionless variables are the same. Equation (3) is 
obtained with new variables. Hew boundary conditions which 
must be satisfied are:.
1 , t = @, 0  @„
2 . x =. 0 = 0 (74)
3. r — 0 ,














where $n is a root of
J!(Bn) = 0 (76)
where n is taken over all the possible zeroes of equation 
(76).
Multiplying both sides of equation (3) by rJQ(3nr) and 
integrating with respect to r from 0 to 1 ,
1 1
30 ( 30_  rJ0 (3nr)dr + \ {l-ra(t) } rJo(0nr)dr =
0 t J
'0 0
2- (r |f)J0 (3nr)dr (77)
0
Integrating the right sides of equation (77) by parts gives
&  + {l+a(t)} + S„ 8 = -Jc(8n)h(t) (78)
9t ox n
Equations (74), (75), and (76) are used to obtain equation 
(78), Equation (78) is solved by the characteristic method
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used in Case 1.
From equation (78), we obtain an equation similar to 
equation (1 1 ):
at = 4 f ( T y  = -   <78a>
- a(t; ^ ‘e+j0 (^)h(t>
Following the procedure used in Case 1, the general solution 
for 0 subjected to wall heat flux and flow rate is obtained.
t
_ !li;>V«e> ,, 2 ( .(,>dt -> x) - 1) (79)
Bn “ )
s(y)
Case 5a. Step Changes in Flow Rate and Wall Heat Flux
a(t) = aU(t) (22)
h(t) - hU(t) (80)
Substitute equations (22) and (80) into equation (79) and 
solve equation (79) for 8 . As in the case of Case 1 it is 
easier to solve equation (79) after g(y) is obtained from 
equation (18).
g(t+at-x) = t - -j—
Substitute equations (25) and (80) into equation (79) and
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equation (79) can be solved for 0.
2-Bn x
g = {e ^+a - 1 } for (81)
en
2
■—  3 ( 2.t )  / O  O  \— hJ (ft ) n x (S2 )
9 = fzloiiSLi {e - 1 } for t<T~2 l*s*a
3n
When 3n is a root of equation (76) and if 0 can be repre­
sented in the range of 0 <r<l by
(xsr,t) = i Dn JQ($nr) (83)
n
then the coefficients Dn are given
Dn = T T — T  \ 6 rJo(Bnr)dr = J T 7 T T  (84)Je (6n) I 0 (®n'
0
Thereforej inversion of the Hankel transform in equation 
(84) gives,
e (x,r,t) = 2 z e (85)
n Jo2(Sn)
Substituting equations (81) and (82) into equation (85) gives
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$n
2 Z {e 1 + 3  - 1 } for t>7~~ (8 6 )
n W * n2
hJ ( 8 r) - $ 2 (x-at)
2 E _ 2 _ 2 _  {e - 1 } for t<Y^ (87)
n 8n2Jo(en)
Case 5b. Step Change in Flow Rate and Sinusoidal Change 
in Wall Heat Flux
a(t) = aU(t) (2 2 )
h(t) == Hcos wt (8 8 )
3 ^x - n
„ Hcos wt Jrt(3«2r) v
6 = 2 l — Si S.—  ie - 1 } for t>-2- (89)n o ~y f q \ l*a
2
8n (x-at)
7 S Hc°s wt J0 (6nr) . fe * -1} for (90)
« 6n2 J0 (6n)
Case 5c. Sinusoidal Change in Flow Rate and Step Change in 
Wall Heat Flux
a(t) = Acos wt 
h(t) .= hU(t)
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Case 5c-l. (small frequencies)
.
6 = 2 I — a ̂--n -1 fe - 1} for t + rj sin wt - x >0 (91)
n 6„ J„(B )n o n'
2
hJ ( 8 r) ~ x̂>At)
2 i — S _ —  {e -1 } for
n 8 ( 8  )n n'
t i |  sin wt - x<0 (92)
Case 5c-2. (large frequencies)
8 » 2 S {e B» X - 1 > (93)
n
Case 5d. Sinusoidal Changes in Flow Rate and Wall Heat Flux •
a(t) = Acos wt 
h(t) = Hcos w 9t
Case 5d-l. (small frequencies)
Hcos w*t Jn( 8nr) a0 = 2 E — _  { e » l}for tH* -sin wt - x>0 (94)
" B 2J (6 )n̂ o n'
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Hcos w*t JQ( 3nr)9 = 2 E — ---------------------------- -1}
n g l J (B ) n o n 7
Afor t +.- sin wt - x<0 (95)
W
Case 5d~2. (large frequencies)
2Hcos w ft Jn(3^r) -8n x
6 = 2 L — {e n - 1 } (96)
n Sn Jo(en)
Responses to single upsets of wall heat flux or flow 
rate can easily be obtained from above equations by setting
either a(t) = 0, or h(t) = 1. For instance, for a step change
in flow rate with constant wall heat flux
a(t) = AU(t), h(t) - 1
From equations (8 6 ) and (87) the following two equations 
are obtained. 28 x - n
0 = 2 ^  'I} for Z>l k  (86a)
» 2n2jo< 3n )
2_ f q \. - 8  (x-at)
6 = 2 S {e n -1} ' (87a)
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For a step change in wall heat flux with constant .flow rate
a(t) = 0
h(t) = hU(t)




0 = 2 2  — §— 2—  { e - 1 } (8 6 b)
n $ J (8 ) n o v n'
Case 6 , Axial Varying Wall Temperature Upsets
At t = 0, it is assumed that wall temperature variations
which are a function of axial distance are applied on the
wall. Equation (1) and boundary conditions given by equa­
tion (2 ) describe the system.
Dimensionless variables 0 , x, t, and r are defined in 
equation (24). Note that Tw is a function of axial distance 
for this case. In these dimensionless variables equation 
(3) is obtained. Boundary conditions to be satisfied are:
1 . t = 0 , @ - 9S
2. x = 0, 0 = b(t) (97)
3. r = 0,' M  = 0
B r
4. r ■= 1 , 0 = c(x)
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where b(t) = T^tO/Tug
c(x) = Tw (x)/Tws (98)
Following the procedure of Case 1, one obtains the general 
solution for @ as follows:
- JiCou) 2 C 2
6 = (b(t) - C(x) } exp { a(T)dt - an x}
n
-!- c (x) (99)
°n
Note that equation (99) for an axial disturbance in 
wall temperature is identical to equation (2 0 ) for a time 
disturbance in wall temperature except c(t) is replaced by 
c(x). Therefore, the response of an axial varying forcing 
function to wall temperature upsets would give the same 
result as time varying forcing functions except c(t) is 
replaced by c(x).
Case 7. Axial Varying Wall Heat Flux Upsets
At t* = 0, wall heat flux variation which are a function 
of axial distance are applied on the wall. Equation (1) and
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boundary conditions given by equation (72) describe the 
system.
Dimensionless variables 9, x, t, and r are defined in 
equation (73) and (2a). In terms of these dimensionless 
variables equation (3) is obtained. Boundary conditions to 
be satisfied are:
where
1 . t — 0 j Q = 0
2 . x = 0 , e = b(t)
3. r - 0 , 303r = 0
4. r = 1 , ‘ e - -h(x)
b (t) = Ti(t)/iws
(100)
is,





Following the procedure of Case 5, one obtains the general 
solution for 0 which is similar to equation (79).
t
e = -h..-2 f-si-fc2 {exp f^2 { 1 a (x)d t - x} - lj (102)
s(y)
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One can see that the response of axial varying forcing 
function to wall heat flux would be identical to the response 
to time varying forcing functions to wall heat flux except 
h(t) is replaced by h(x).
T 1143
DISCUSSION OF EXPERIMENTAL AND THEORETICAL RESULTS
Experimental data are plotted with theoretical models 
for step changes in liquid flow7 rate with uniform wall heat- 
fluxes. Temperatures of the liquid at different radial 
positions are plotted in Figs. 3 through 12. Experimental 
and theoretical temperature response is plotted against 
reduced radius in Fig. 13 with time as a parameter. Theo­
retical temperature response to transient inlet temperature 
and transient flow changes with uniform wall temperature are 
plotted in Figs. 14 and 15.
In theory, the response must be complete after an 
elapsed time of L/u, where L is the Heat-exchanger length 
and u is the fluid velocity after upset. Thus, L/u divides 
the response plane into two time domains. After an elapsed 
time of L/u, the dynamic response to a flow-rate upset is 
theoretically no longer dependent on time. Actual response 
is usually slightly longer than L/u due to nonlinearities in 
the system. It was assumed in this study that the fluid
54
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traveled at its average velocity. Thus, it was assumed that 
each element of fluid required the same length of time to 
pass through the heat exchanger, regardless of its radial 
position. Average .velocity of the fluid was obtained experi­
mentally by measuring the volumetric flow rate. In actual 
laminar flow in a tube, the fluid velocity at the wall is 
very small compared with the average velocity. Hence, L/u 
of the fluid element at the wall is larger than that of 
fluid with average velocity. The opposite phenomenon occurs 
at the center of the tube because the velocity at the center 
of the tube is very large compared with the average velocity. 
The average fluid velocity in isothermal laminar flow in a 
tube occurs at the reduced radius of 0,707. For non-isothermal 
flow it cannot be determined where the average velocity occurs 
unless a precise velocity profile is known. Figures 3 through 
1 2 show that there are differences between the speed of 
response of experimental and theoretical data. At certain 
radial positions the degree of difference varies more con­
sistently than at others. As expected, Figs. 3 through 12 
show that the speed of response of experimental data is 
slower at the wall and faster at the center than that of the 
theoretical data. However, the speed of response of experi­
mental and theoretical data agree very we1 1 at a reduced 
radius of approximately from 0.7 to 0,8. It has been found
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(12 )by Boelter / that theoretical solutions assuming a flat
average velocity profile agree better with experimenta1 data
than theoretical solutions that assume a parabolic velocity
profile. This discrepancy has been explained by Boelter on
the basis of changes in the physical properties, resulting
f 8 )in natural convection. Kirkbride and ivcCabe^ ', in their 
study of heat transfer to liquids in viscous flow, also 
found that the parabolic .velocity profile introduced an 
error in their study. They found that not only natural con­
vection but also radial flow of fluid caused the distortion 
of the velocity profile. This radial flow of fluid was 
generated by the temperature gradient due to the changing of 
the fluid viscosity in the layer near the wall. Since the 
actual velocity profile is not known for non-isothermal con­
dition, it turns out that assuming a constant average velocity
is not a stronger assumption than assuming a parabolic
( 13)velocity profile, Oliver , in his study of the effect of 
natural convection on viscous-flow heat transfer in hori­
zontal tubes, presented the qualitative velocity profile 
shown in Fig. 16 when the natural convection assisted the 
forced flow. When the effect of natural convection is not 
negligible, an additional complication is added to the 
theoretical model to be used in predicting the dynamic 
temperature response of a laminar-flow heat exchanger. The
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velocity profile is no longer predictable for this case.
The accuracy of the models depended greatly on knowledge 
of the steady-state conditions since steady-state experimental 
data were used to evaluate the wall heat-flux. An average 
temperature was obtained from- a graphical integration of a 
steady-state temperature profile. The heat absorbed by the 
liquid, WC^Tj^-T^ ■ was obtained by the heat balance over the 
heat-exchanger length. This value was used for the wall heat- 
flux. In steady-state laminar-flow heat exchanger a uniform 
wall heat-flux may be obtainable. In an unsteady-state 
laminar-flow flow-forced heat exchanger It may be difficult 
to obtain a uniform wall heat-flux. Experimentally, wall 
heat-flux may be calculated from the term WC~(Tt -T.J whereJr iwd 2.
this term can also be assumed to eaual huSAT , where the heatcz a 9
transfer coefficient is dependent on the fluid velocity. In 
laminar flow the heat transfer coefficient is dependent on 
the fluid velocity to the one-third power. Therefore, when a 
fluid flow-rate change is made the heat transfer coeffic5.ent 
changes. The temperature difference, ATa , also changes.
Hence, it is known that the heat flux calculated by the heat 
balance does not stay constant throughout the unsteady-state 
period. There is no simple way of calculating how the wall 
heat-flux would change in an unsteady-state laminar-flow 
flow-forced heat exchanger. However, for this study the
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difference between the wall heat-flux calculated from the 
initial and final steady-state temperature profiles investi­
gated- was found to be small and negligible. A difference was 
found between the electrical heat input and wall heat-flux 
calculated by the experimental heat balance. The difference 
was negligible for the wall heat-flux of 817 Btu/hr ft , and 
13 and 34 percent for cases of wall heat-fluxes of 1115 and
o1900 Btu/ft hr. This variance was expected since it was felt 
that the lack of perfect insulation which caused heat loss 
could never be fully eliminated except for the case of the 
low wall heat-flux.
2The ratio of KgrA^Re has been found to be very signifi­
cant for determining the range of experimental conditions 
that give good experimental laminar-flow dynamic response 
data. and are defined in nomenclature, but it must
be noted that was defined on the basis of the heati\.e
exchanger length L for this ratio instead of the diameter D.
When the physical properties of liquids were constant and the
heat-exchanger length was fixed, the pertinent variables which
2 2determine the ratio are AT/u . Many engineers have
2found that the parameter ^gr^'Re fundamental importance
in determining the predominant effect of natural or forced 
convection. Table 1 gives the range of suggested values of 
the ratio Ngr/Roe at which it is permissible to neglect one 
mode of heat transfer for the other.
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Table 1




hcnvos ^Gr^’Re (°*02 KG r / % e  > 100
/- A  < i<Jr' R.e KGr/KRe > 1
Sparrow and
uregg (16) iNGr^'Re ^ 0.Ool
As shown in Table 3, the criteria determining the predominant
effect of natural or forced convection vary from author to
author. S5.nce the present theoretical model did not include
the effect of natural convection, it was necessary to keep
othe ratio ZNGr/Npe ' as low as possible. The range of the 
ratio ^gr/Kpe  ̂ f°r this experimental study was from 2 x 1 0 “^ 
to 2 . With constant physical properties of liquids there are
otwo pertinent variables which can vary the ratio in
the present experimental study. They are the fluid velocity 
and the temperature difference from the inlet to the outlet 
of the heat exchanger. Note that this temperature difference 
is proportional to the wall heat-flux. Therefore, there are 
limitations on the wall heat-flux and the fluid velocity to 
keep the ratio NGr./Npe under certain desired limits. For a 
fixed fluid velocity there is a maximum wall heat-flux, and
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for a fixed wall heat-flux there is a minimum fluid velocity. 
The maximum wall heat-flux applied in the experiment was
o1900 Btu/ft hr for Run 1. The minimum fluid velocity was 
0*1875 ft/sec for Run 3. For the range of conditions for 
which data are presented in this dissertation very little 
indication of error due to natural convection was indicated. 
With WQr/Mpe of 2 for Run 9, the maximum ratio presented for 
the experimental study, the recorder gave temperature fluc­
tuations of 2°F. However, in determining the range of con­
ditions that gave suitable data, the indication of natural
convection was found to be very significant when the ratio 
2NGr/NRe was greater than 1 0 based on random behavior of 
fluid temperature response.
In the comparison of Figs. 4 and 5, 6 and 7, and 11 and 
1 2 , it may be observed that the; magnitude of flow-rate upsets
has a significant effect on the transient temperature
response results. Figs. 4, 7, and 12 show better agreement 
between theoretical and experimental data than Figs. 5, 6 , 
and 11. The former three runs had flow-rate upsets of 65,
47, and 32 percent departures from the initial steady state. 
The latter three runs had f-low-rate upsets of 125, 97, and 
155 percent departures from the initial steady state.
Experimental data show that the actual speed of response for
the latter three cases is slower than that of theoretical
T 1143 6l
Figure 3. Experimental and theoretical fluid 
temperature response to transient 
flow changes between 0.273 ft/sec 
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Figure 4. Experimental and theoretical fluid 
temperature response to transient 
flow changes between 0 . 1 8 8  ft/sec 
and 0.309 ft/sec with uniform wall 
hea t-flux (Run 2 )a
Legend: -- —  Theoretical solution
Experimental data 
O r = 1.0
A r = 0.86
□ r = 0.75
O r ” 0.41
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Figure 5. Experimental, and theoretical fluid 
temperature response to transient 
flow changes between 0.188 ft/sec 
and 0.42 ft/sec with uniform wall 
heat-flux .(Run 3)
Legend: — —  Theoretical solution 
Experimental data 
o r = 1.0
A r = 0.87
a r = 0.72
0 r - ,0.28
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Figure 6. Experimental and theoretical fluid 
temperature response to transient 
flow changes between 0.228 ft/sec 
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Figure 7. Experimental and theoretical fluid 
temperature response to transient 
flow changes between 0,228 ft/sec 
and 0,337 ft/sec with uniform wall 
heat-flux (Run 5 )a
Legend: —— — Theoretical solution 
Experimental data
© r * 1.0
A r ■= .0.88
□ r ~ 0.78
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Figure 8. Experimental and theoretical fluid 
temperature response to transient 
flow changes between 0.289 ft/sec 






aSee Table 2 for conditions of Fun 6
Theoretical solution 
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Figure 9. Experimental and theoretical fluid 
temperature response to transient 
flow changes between 0.269 ft/sec 
and 0.568 ft/sec with uniform wall 
hea t-flux (Run 7)a
Legend: — --  Theoretical solution
Experimental data 
o r = 1.0
A r = 0.86
□ r = 0.78
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Figure 10. Experimental and theoretical fluid 
temperature response to transient 
flow changes between 0.269 ft/sec 
and 0.371 ft/sec with uniform wall 
heat-flux (Run 8)a
Legend:— —- Theoretical solution 
Experimental data
o r o•r—tIt
0 r = 0.9
A r = 0.81
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Figure 11. Experimental and theoretical fluid 
temperature response to transient 
flow changes between 0.269 ft/sec 
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Figure 12, Experimental and theoretical fluid 
temperature response to transient 
flow changes between 0.269 ft/sec 
and 0.353 ft/sec with uniform wall 
hea t- f lux (Hun 10)a
Legend: — -- Theoretical solution
Experimental data 
o r = -1.0
a r = 0.88
n r = 0.27
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data. It is important to note that even though no linear­
ization in the model was made, the model showed poor agree­
ment with experimental data when high magnitudes of flow-rate 
upsets were applied. It was felt that one or more of the 
following factors were prominent reasons for poor agreement 
with experimental and theoretical data for large flow upsets: 
(1) when big step-changes in flow rate are made, the boundary 
condition of a uniform wall heat-flux is not as good an 
assumption as for small flow changes due to the change of the 
heat-transfer coefficient. (2) When big step changes in flow 
rate are made, fluid elements that do not stay in stream-line 
motion have turbulent mixing. (3) Konlinearities of the 
actual physical system due to changes of physical properties 
become more prominent after big step changes in flow7 rate.
A very important experimental factor was the accuracy 
of radial temperature measurement. In this experimental 
study the temperature was measured at different radial posi­
tions with a thermocouple which protruded from the wall of 
the exchanger tube at the outlet. In this way it was 
possible to obtain an accurate measurement of the radial 
positions where fluid temperature response was measured.
The radial positions were measured with a micrometer mounted 
parallel to the thermocouple. However, a small error was 
introduced into the temperature measurement due to thermal
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conduction along the thenr.ocouple wire from the wall or 
fluid near the thermocouple junction. This error could 
have been avoided by measuring fluid temperature response at 
different radial positions from a tee in the end of the 
exchanger tube rather than from the side, but it was felt 
that this would make it difficult to determine radial thermo­
couple positions accurately. In the measurement of the 
fluid temperature from the wall, significant thermal con­
duction error exists when fluid temperature is measured near 
the wall from which the thermocouple protruded. In this 
case, the temperature difference between the thermocouple
ojunction and the wall or heating elements is at least 100 F, 
creating the potential for significant measuring errors of 
several degrees. Due to the varying temperature gradients 
It is very difficult to calculate these errors accurately. 
However, by measuring fluid temperatures at radial positions 
on the opposite side of the tube from which the thermocouple- 
protrudes, it is possible to reduce the thermal conduction 
error. At these positions the thermocouple wire near the 
thermocouple junction is in contact with fluid similar in 
temperature to the fluid temperature being measured. Ko 
large temperature differences exist such as when the thermo­
couple junction is near the wall. Therefore, the thermo­
couple junction temperature is only slightly affected by
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thermal conduction from surrounding fluid and this error 
can be neglected. For small heat flux the measuring error 
near the wall from which the thermocouple protrudes is much, 
less than for large heat flux because the conduction driving 
force is smaller.' A complete unsteady-state radial tempera­
ture profile has been presented in Fig. 13 for a low heat 
flux case. Even with a low heat flux the effect of the 
thermal conduction can be seen to make fluid temperature 
appear to be hotter close to the near wall than the far wall.
In laminar-flow heat transfer, the ratio L/D has been 
found by many engineers to be an important variable, where 
L is the length and D is the diameter of a heat exchanger.
The heat transfer coefficient in laminar flow is dependent 
on this ratio, kith constant physical properties, a smaller 
ratio of L/D gives a larger heat-transfer coefficient than a 
larger ratio of'L/D. Sieder and T a t e ^ ^  found the signifi­
cant range of this L/D ratio to be from 60 to 240. In this 
experimental study one value of L/D equal to 102 was used.
Interesting phenomena were found in the transition 
range, The maximum K^e in this experiment was 3875 for Run 
9. In Run 9 the flow-rate change was made from laminar 
region (hp_e = 1500) to transition region (I%e - 3875). As 
shown in Fig. 9, the transient temperature response at the 
central region of the tube showed an odd characteristic.
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Figure 13. .Experimental and theoretical fluid 
temperature vs radial position for 
Pxun 7a with time as a parameter.
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When the step decrease in flow rate was made, the fluid 
temperature dropped instead of rising, and smoothly dropped 
to a certain temperature level. The temperature then rose 
to a new final steady-state temperature which was higher 
than the initial steady-state temperature. When the step 
decrease in flow rate was made, the temperature rose drastic­
ally in a short time and then settled to a new final steady- 
state temperature* This phenomenon may be explained as 
follows. When a step increase in flow rate is made, a fluid 
element in the central region of the tube obtains a drastic 
acceleration. Warmer fluid elements adjacent to the fluid 
in the center of the tube pick up momentum due to the natural 
convection and turbulence and look for a path in which to 
travel faster. Upon the onset of the step increase in flow 
rate, these fluid elements adjacent to the center contact 
neighboring fluid elements that travel very fast. Thus, 
fluid elements find a faster path and take it. The thermo­
couple at the exchanger outlet responds to this warm fluid 
and accordingly indicates higher temperature than the 
initial steady-state temperature. Therefore, an unstable 
hydrodynamic situation is created momentarily. When the new 
cool fluid comes from the inlet of the heat exchanger, it 
pushes out the warm fluid elements, and a new hydrodynamic 
stability is obtained. Similar reasoning applies to the
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step decrease in flow rate. In the transition region it is 
felt that hydrodynamics play a highly important, role in the 
transient temperature response.
As expected, Fig. 14 shows that before-a time of L/u 
elapses, there is no dynamic temperature response to step 
changes In inlet temperature for all radial positions.
Since an average velocity of fluid was used in this model, 
the theoretical dynamic temperature response of all radial 
position occurs at the same time of L/u. Actual dynamic 
temperature response at different radial positions would not 
occur at the same time because the fluid velocity, u, would 
be different for different radial positions, When a step 
change in inlet temperature is applied, a fluid temperature 
change at the outlet of the heat exchanger does not occur 
until the time L/u elapses. At time L/u after the step 
change in inlet temperature is made, the upset is observed 
at the exchanger outlet. Thus, in the theoretical model 
presented, the dynamic temperature response to a step change 
in inlet temperature occurs at time L/u, regardless of radial 
positions because of the average fluid-velccity assumption.
It is expected that this would cause poor agreement between • 
theoretical and experimental data at radial positions near 
the wall or center of a tube.
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Figure 14. Theoretical fluid temperature response 
to transient inlet temperature changes 
between 70°F and 105°F with uniform 
wall temperature ^
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Figure 15 shows the theoretical dynamic fluid tempera­
ture response to step changes in flow rate with a uniform 
wall temperature. As expected these data are very similar 
to the data in Figs. 3 through 12 for flow upsets with 
uniform wall flux.
t 1143 9 1
Figure 15. Theoretical fluid temperature response 
to transient flow changes between
0.269 ft/sec and 0.685 ft/sec with 
uniform wall temperature ^
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Figure 16. Qualitative change in velocity 





1. The combination of the Kankel transform technique and 
the method of characteristics is a powerful tool in 
solving a . parabolic partial differential equation such 
as equation (1) solved in this dissertation. This 
method provided a model that gave reasonably good agree­
ment with experimental data over the range of conditions 
investigated in this study.
2. There are two time domains in the dynamic response plane 
for a flow-forced heat exchanger. The characteristic 
line is t = x/a, which is the same as saying that the 
characteristic time equals the heat exchanger length 
divided by fluid velocity. Therefore, definite differ­
ences exist in the speed of response for increases and 
decreases in flow over the same flow range. Differences
also exist at different radial positions because the
*exchanger length is always constant, but fluid velocity 
varies from radius to radius in laminar flow*.
95
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3, Experimental speed of response for step changes in flow 
rate is faster at the center and slower at the wall 
than the theoretical, prediction due to the average 
velocity assumption used in the theoretical model. The 
speed of response of experimental and theoretical data 
agrees very well at the reduced radii approximately from
0.7 to 0.8. Agreement between theoretical and experi­
mental data is not so good near the wall or the center 
of the tube because near the wall fluid travels much 
slower than average fluid velocity used in the model and 
near the center of the tube fluid travels faster than 
average velocity. Unless a precise velocity profile is 
known in a tube, it is impossible to know at what radial 
position the average velocity occurs. For non-isothermal 
flow it is very difficult to predict a reasonably
accurate velocity profile, so use of the average velocity
C 8 } Cl2 }seems to be justified as pointed out by othersv .
4. The magnitude of flow-rate upset has a significant effect 
on the agreement between experimental and theoretical 
transient temperature response. As the magnitude of the 
flow-rate upset increases, the agreement between 
theoretical and experimental data becomes poor. It is 
proposed that this lack of agreement may be due to one
or more of the following factors for large step changes
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in flow rate: (l) a uniform wall heat-flux may not be
sustained during the period of unsteady state due to 
the change of the heat transfer coefficient, (2) the 
nonlinearities in the physical system due to the change 
of physical properties of liquids become more prominent, 
and (3) fluid elements may have a turbulent mixing,
5, The ratio of ■ KQr^Re *̂s very significant for determin­
ing the range of experimental conditions that give good
experimental laminar-flow dynamic response data. With 
constant physical properties of the heat-exchanger 
liquid and a fixed length of the heat exchanger, the 
pertinent variable which determines the ratio is AT/u . 
Thus, there are two variables, the inlet and outlet 
temperature difference and fluid velocity which can be 
manipulated to keep the ratio as small as pos­
sible, Under the conditions of the present experimental
study, the contribution of natural convection seemed to
obe significant when was higher than 10, because
random temperature response was obtained in this range,
6. in the transition region, the present model predicted
the dynamic temperature response fairly well near the 
wall and poorly at the center of the tube. It is 
believed that a hydrodynamic instability occurs in the 
central region of the tube in the transition region,
T 1143
and this instability causes poor agreement between 
theoretical ana experimental data. It is believed that 
this hydrodynamic instability is caused by a combination 
of natural convection and turbulence due to the change 
in liquid density and fluid velocity,
7. Due to the average fluid velocity assumption made in 
this study, the theoretical dynamic temperature response 
to a step change in inlet temperature occurs at the same 
time L/u, regardless of the radial positions. Actual 
dynamic temperature response to a step change in inlet 
temperature would occur at different times for different 
radial positions since fluid velocity varies with radius 
in laminar flow. Since the model does not account for 
this variation, agreement between theoretical and experi­
mental data would be expected to be poor near the wall or 
the center of the tube,
8. Theoretically, the dynamic temperature response to step 
changes in flow rate with a uniform wall temperature and 
with a uniform wall heat-flux is similar, S5mce reason­
ably good agreement was obtained between theory and 
experiment for uniform wall heat-flux, similar agreement, 
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A amplitude of sinusoidal disturbance 
b
c -TW/TWS
Cp heat capacity, Btu/lb°F
D heat exchanger diameter, ft
h ix, / |3r~ 3r* | r» = R ok therma1 conduct ivity, B tu/f t hr F
L heat exchanger length, ft
n integer
^Gr Grashof number, p^gy(T^a-T^)L^/
Prandtle number. C_y/lcrr * p '
t
Npe Reynolds number, Dup/y, or Lu p/y for the ratio Nq /N^e' 
q heat flux, Btu/hr ft
r reduced radius, r*/R
r* radial coordinate, ft 
R heat exchanger radius, ft
102
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oS heat 'transfer area, ft
t reduced time, 4ust*/DNpegNpr
t* time, sec
T temperature, °F
u fluid velocity (average), ft/sec
U unit step function
W liquid flow rate, lb/hr
w frequency, rad/sec
x reduced axial coordinate, ^x'c/hhpesK;pr 
x* axial coordinate, ft
a roots of bessel function ^




x dummy variable of t
qp density, lb/ft
Y volumetric expansion coefficient
Subscript
a average
i refers to the inlet of the heat exchanger
L refers to the axial distance x* = L
T 1143 104
s steady state value
w refers to the wall of the heat exchanger
Superscript
1 deviation frorr* initial steady state value




Table 2. Initial and final state data for 
ten experimental runs
Run 1. (59% glycerine 41% water)
= 84°F q = 1900 Btu/ft2hr
Reduced radius(r=r*/R) Temperature (°F)




Run . 2. (59% glycerine 41% water)
~i “ 70°F q ~ 817 Btu/ft^hr
Reduced radius(r-r^/R) Temperature (°F)







Run 3# (59% glycerine 41% water)
Tj[ ~ 63°F q = 817 Btu/ft^hr
Reduced radius(r=r*/R) Temperature (°F)





Run 4. (59% glycerine 41'% water)
T- = 67°F q =JL ^ 1115 Btu/ft^hr
Reduced radius (r=sr*/R) Tempera ture \  r  j







Run 5. (59% glycerine 41% water)
Ti = 70°F q = 1115 Btu/ft2hr
Reduced radius(r=r*/R) Temperature (°F)




Run 6, (597o glycerine 41% water)
Ti = 67°F q = 1115 3tu/ft2hr
Reduced radius(r~r*/R) Tempera ture (°F)






Run 7. (43% glycerine 57% water)
Tj_ = 77°F q = 817 Btu/ft hr
Reduced radius(r=r*/R) Temperature (°F)




Run 8. (43% glycerine 57% water)
= 77°F q = 817 Btu/ft2hr
Reduced radius(r~r*/R) Temperature (°F)












Run 9, (0% glycerine 1007° water)
Tj_ = 66°F q = 1115 Btu/ft2hr
.educed radius(r=r*/R) Temperature (°F)




Run 10. (0% glycerine 100% water)
Tj_ = 66°F q = 1115 3tu/ft2hr
Reduced radius (r=r*/R.) Temperature (°F)












Table 3, Initial and final steady-state theoretical 
data for a step change in inlet temperature 
with uniform wall temperature
(0% glycerine 100% water) 
u - 0.269 ft/sec (N-e = 1528)
T„ = 150°Fw













Table 4. Initial and final steady-state theoretical 
data for a step change in flow rate with 
uniform wall temperature
(0% glycerine 100% water)
Tw = 150°F 
Ti = 66°F
P,educed radius(r=r*/R) Temperature (°F)












Table 5. Physical properties of glycerine-water 
mixture at 30°C































Table 6. Duplicate experimental runs at the same 
conditions as the experimental runs pre­




Flow decrease Flow Increase
r~1.0 r-G.91 r-0,7 9 r-1.0 r-0.91 r-0.79
0 120 102.8 95 135.8 114.2 103
6 124.8 109 100 125 106 97.2
12 127.8 113 102.5 120 103 96
18 130 114 103.6 119 102.8 96
24 130.6 114,5 103.6 118: 102.5 96
30 130.6 114.9 103.6 117.8 102.4 96
113






Flow i-ncrease Flow decrease
r=1.0 r=0.86 r=0,75 r=l. 0 r=0.86 r=0.75
0 95.5 * 86 82 88.5 80 76
6 94 82.5 80 91.2 81.2 78
12 91.2 80.5 78.5 93.8 83.5 79.5
18 90.8 80 77.5 94 84.5 80
24 90.5 80 77 95 85.5 80.5








r=0,7 2 r=1.0 r~0.87 r~0.72
0 89 81 76 80 74 69
6 84.5 77 72 81.2 75 73
12 82 75 70 83.5 76.5 74
18 81.9 75 69.5 84.5 78.5 74.5
24 81,8 75 69.5 86 79 76





— i^ iO T n »ii-*inr;wvr.5  ̂inrwn—ffOTtan8aiMne«j»iw r ^ —a—
Flow increase Flow decrease
r=1.0 r=0.85 r=0,62 r=l,0 r=0.85 r=0.<
0 98 89 77 85.5 77.5 68
6 91 82 69 89 81.5 70.5
12 87.5 79 68 91.5 83.5 73
18 86.5 78.5 68 94 85.5 75
24 86 78.2 68 95 86.2 76




r-1.0 r=0.88 r=0.78 r-1.0
Flow decrease 
r-G.88 r-0.78
0 104 95 81 96 85 76
6 101 90.5 78 99 88 79
12 98.5 89 77 101 90.5 80.5
18 98 87 76 102 92 82
24 97 87 76 103 92.5 82






Flow increase Flow decrease
r=1.0 r=0.85 r=0.76 r=l. 0 r--0.85 r=0.
0 95 81 74 86 75 70.5
6 89 78 73 90 78.5 74
12 88 75.8 71 91 79.5 75.2
18 87.8 75.8 70.8 91.5 79 75.8
24 87.5 75.8 70.5 92.5 80 76




Flow increase Flow decrease
r-1.0 r-0,86 r=0,78 r=!.Q r=0.86 r-0.
0 97.8 91.2 86 88.5 84 80.5
6 91.5 87 82 91.5 87 82.5
12 90.5 85.5 81.2 94 88 84
18 90 85 80.5 95 89,5 85
24 89.5 84.5 80.5 95.5 90 85.5




T u n e Temperature (°F)
Flow increase Flow decrea s e
r=1.0 r=0.9 r=0.81 r=1.0 r=0,9 r-0.81
0 98.2 92.5 87.8 93 89.4 84.6 .
6 95 91.2 86.3 94.5 90.6 85.8
12 94.5 90 85.8 95.5 91.4 86.9
18 94 89.5 85.5 96.2 92.2 87.2
24 93.5 89.5 85.5 96.5 92.5 87.3







r-1.0 r-0.94 r=0.47 r=1.0 r=0»94 r=0.47
0 93.5 86.5 70 77.7 72 70
6 87 80.5 67 80 75.5 69
12 83.5 77 71.5 83 77.5 67
18 80 75 70 85.5 79 67
24 78.5 68 70 86.2 81 68





(sec)fBttSWIHMn IWM _Flow increase Flow decrease
r=l. 0 4=0.88 r=0.27 r=1.0 r=0.88 r=0.27
0 89.8 80 66 84.4 75.5 66
6 86.5 77 67.5 86.5 77.2 67.2
12 85.2 76 66.6 87.5 78.4 68
18 84.4 76 66.3 88.3 78.6 68.4
24 84.4 76 66.3 89 79.2 68.4
30 84.4 76 66.3 89.2 79.2 68.6
